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Estimating drag-related parameters in Low Earth Orbit (LEO) remains a challenge due
to uncertainties in atmospheric models and spacecraft physical properties. This paper takes
inspiration from the Sparse Identification of Nonlinear Dynamics (SINDy) technique from
Machine Learning (ML) to propose a Concurrent Learning-based adaptation law, modified
with a Bregman divergence-derived term, that learns the experienced differential drag when
modeled as a large collection of nonlinear functions with unknown coefficients, while ensuring
tracking of desired relative orbital states between a chaser and a target spacecraft. The stability
of the controller is assessed via Lyapunov-based stability analysis and performance evaluated
through numerical simulations. The numerical results show that the proposed controller
can simultaneously ensure relative states tracking and identify a sparse representation of the
differential drag acceleration in the LVLH frame. This work combines traditional adaptive
control with an ML-based strategy to enable real-time identification with convergence guarantees,
making the framework well-suited for safety-critical aerospace applications where large datasets
are often unavailable.

I. Introduction

As the number of space missions involving multiple satellites increases, so does the need to make spacecraft more
autonomous. In Low Earth Orbit (LEO), the most populated orbital regime with an increasing number of valuable
assets, a spacecraft’s ability to adapt and learn from its environment becomes critically important.

A promising technique for autonomous and cost-effective maneuvering in LEO is Differential Drag (DD), which
exploits differences in atmospheric drag experienced by spacecraft to generate controlled relative motion. DD-based
maneuvering has evolved from linearized, open-loop guidance strategies [[1, 2], to adaptive [3] and optimal [4] control
methods, with demonstrated success in on-orbit station-keeping operations by commercial satellite constellations as a
propellant saving technique [5,[6]. Similar efforts have been made to adopt a higher fidelity relative-motion models
and exploit additional aerodynamic effects (e.g., lift) to increase control authority [7H11]. However, most DD control
strategies rely on accurate knowledge (or reliable online estimates) of drag-related parameters to allocate the differential
drag required by control laws on the involved spacecraft, which can include the effect of atmospheric density and
ballistic/drag coefficients, both highly uncertain quantities.

Estimation of drag-related parameters is difficult because atmospheric density is highly uncertain. Several semi-
empirical atmospheric models, such as Harris-Priester [12]] and NRLMSISE-00 [13]], and neural network-based [[14]
exist but still show prediction error due to changing space-weather conditions. Similarly, drag/ballistic coefficients
depend on spacecraft geometry, attitude, and surface properties, and are often only approximately known [[15]. These
issues motivate online learning strategies that can improve drag-acceleration reconstruction directly from onboard
measurements, without relying on large datasets or computationally expensive identification routines or models.

Lyapunov-based adaptive control techniques have been explored to compensate for uncertainties in these drag-related
parameters [3]. In prior work, we introduced an adaptive control strategy to simultaneously perform DD-based
maneuvers and estimate key drag-related parameters under formal convergence guarantees [16H18]]. The control strategy
incorporated the Integral Concurrent Learning (ICL) adaptation technique [19], which allows online collection of
input-output data and ensures convergence of estimated model parameters to their true values, provided a verifiable
Finite Excitation (FE) condition is satisfied. While the results in [16] were promising, they required expressing the
spacecraft relative dynamics and the atmospheric density model in simplified forms to enable the use of ICL, ultimately
limiting the applicability of the estimation in more or complex scenarios.
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In this paper we consider a two-spacecraft scenario where a chaser maneuvers using actuation mechanisms other
than DD. The focus is not on executing DD-based maneuvers, but on developing a more flexible and general framework
for learning portions of the spacecraft dynamics, e.g., the experienced differential drag, using only measurable state data
and a large library of nonlinear functions. The application of the learning strategy to this scenario has the potential to
enable its use for control allocation of DD-based control laws, and illustrates its applicability on a wide range of space
applications where dynamics are not accurately known.

We take inspiration from the ML technique known as Sparse Identification of Nonlinear Dynamics (SINDy) [20]],
which formulates a sparse regression problem using batches of data to learn all or part of the uncertain Equations of
Motion (EoMs) describing a dynamic system. The data consists of system state measurements, their time-derivatives,
and applied control inputs[21]. SINDy leverages the fact that most physically realizable systems have dynamics governed
by a few dominant terms, making their EoMs sparse in a high-dimensional nonlinear function space. This method has
been successfully used to discover EoMs of multiple systems from data [20]], and in control contexts when combined
with Model Predictive Control (MPC) [22| 23]]. However, it relies on collecting large amounts of data and executing
iterative algorithms to enforce sparsity, features that limit its applicability for onboard spacecraft operations.

To address these limitations, we recognize its similarities with Concurrent Learning (CL) in terms of the input-output
data required for estimation and the formulation of the underlying regression problem. We propose a modified
CL-inspired online adaptation law with sparsity enforcement. This approach enables us to express the uncertain terms
in the EoMs as a linear parameterization over an arbitrarily large library of nonlinear functions, each associated with an
unknown coefficient. We then enforce sparsity in the coefficients matrix, i.e., the EoMs are represented using a relatively
small number of active terms.

To ensure state tracking and sparse identification, we explore the use of a Lyapunov-Bregman function as part of the
adaptive controller design. This function incorporates a Bregman divergence term [24]], a non-Euclidean "distance"
measure designed in this case to encourage sparsity in the learned coefficients. This approach is motivated by the growing
interest in connecting adaptive control with ML concepts [25H27]], and recent developments based on incorporating
Bregman divergence into candidate Lyapunov functions [28530].

This paper is structured as follows: Section [l introduces the relative dynamics and differential drag modeling,
Section [[TI] presents the control design, Section[[V]provides the proof of stability analysis, Section|[V]and [VI|explain the
simulation setup and the numerical simulation results, and Section [VII|concludes the paper and outline future work.

I1. Dynamics Modeling

Consider a pair of satellites, a target ¢ and a chaser c in a circular Low Earth Orbit (LEO), as illustrated in Fig. E}
The target is assumed to follow a circular orbit, while the chaser performs relative maneuvers using thrusters, and both
spacecraft are subjected to unknown time-varying differential drag. This section describes the relative dynamics and the
differential drag model in a manner that enables the application of SINDy-inspired parameterization and estimation
using an adaptive concurrent learning law. Note that the relative dynamics can be modeled using Clohessy-Wiltshire
[31], Schweighart-Sedwick equations [7]], or any other valid representation, as the specific choice does not affect the
development of the estimation strategy.
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Fig. 1 Chaser-target satellites in the LVLH frame



A. Spacecraft Relative Dynamics

Let 7 denote the Earth-Centered Initial (ECI) frame with origin locates at the Earth’s center of mass. i, points
to the North Celestial Pole, i, points toward the vernal equinox, and iy completes the right-handed triad [32]. Let £
denote the Local—Vertical/Local-Horizontal (LVLH) frame attached to the target. The origin of the LVLH frame is at
the center of the target where X axis is pointing from the Earth toward the target, Z axis is pointing to the orbital angular
momentum, and ¥ axis complete the right-handed coordinate system[7, 311

The chaser-to-target relative position expressed in £ is defined as

T

Xé[x y z] e R, (H

In this paper, the relative dynamics is modeled using the Clohessy—Wiltshire (CW) equations for the circular orbit
with mean motion n[31]. The equation of motion based on the CW dynamics can be written in the compact form as

%=Cx+Gx+u+Aak, )

where X is the relative velocity and X is relative acceleration, Aag € R3 is the differential acceleration expressed in the
LVLH frame, and

0 2n 0
C=|-2n 0 0|, G =diag3n’ 0, -n°). A3)
0 0 0

The unknown disturbance is the differential drag acceleration, which we model in the next subsection.

B. Atmospheric Drag Model

For each spacecraft i € {c, 1}, its position and velocity in the ECI frame 7 is rf , v{ respectively. We express the
velocity of the spacecraft i relative to the Earth atmosphere as

1

_ o I
Vieli = Vi — WE XTI}, “4)

where wg denotes the Earth rotation vector. We define,

v! L
AT N A reli
Vrel,i = ”Vrel,i |’ Viel,i — Vrel - (5)
rel,i
as the relative speed and its unit direction, respectively.
The drag acceleration of the spacecraft i in the ECI is modeled as
1 2 ol
aD,i(t) =-B; pa[m,i(t) Vrel,i Vrel,i’ (6)
where L Cn A
B &S =2 [m’/kg] @
2 nm;

is the ballistic coefficient based on the drag coefficient, effective drag area A;, and mass m; of the spacecraft i.
To model the atmosphere density, we adopted the simplified density model used in [10] and [16]. For each spacecraft
i € {c, 1}, the atmosphere density is defined as

Pam,i(1) = Di 1 + D;sin(nt) + D; 3cos(nt) = s' (t) D;, (8)
where . .
s 21 sin(n) cos(m)] . D2 [D,,l Dis D,,3] € R3 )

where n is the mean motion. By substituting the (8)) into (), we obtain

(1) = (= Bivky, Vi, 57 () D (10)



C. SINDy-Inspired Representation of Differential Drag
Applied to this problem, the standard (offline) SINDy algorithm would collect m € Z~ samples of x, X, and X,
and the collected data matrix is formed as

X=[xe) x@) o xw)] € R, (11)

with X and X containing the corresponding time derivatives. A library I'(X, X) € R™*? of p € Z( candidate
nonlinear functions of X, is constructed as

| | | | |
TX, X)=|1 fi(x,%6) fHO45E) - foo(x%t)  fpo (i) |, fori=l--,m (12)
| | | | |
where fi () : R® — R denotes an user-defined nonlinear function in (1),and k=1, 2, ---, p—1. The problem is
then presented as a sparse regression to find the matrix Z = [£1,&2,&3] € RP in

X=FX, X)+I'(X, X)E+U (13)

where &; € R? is the sparse vector of coefficients determining which nonlinearities are active for the j* h state dynamics,
and F(X, X) € R™3, and U € R™*3 are matrices with data samples collected from the known portion of the system’s
dynamics and the control inputs , respectively. SINDy then requires m data samples of the states, their time derivatives,
known dynamics and control inputs to run a sparse regression algorithm (e.g., Lasso regression [33]]).

Motivated by this structure, we express the unknown differential drag term using the SINDy-inspired representation
over a rich library of functions as

Aak(x,%,1) = Y (x,%,1) 6, (14)
where Y (X, X,1) € R3%3P iga regressor built from a library I'(x, X, 1) € R!%P and @ € R3P contains the corresponding
(unknown) coefficients. In this work, the library I'(x, X, ) is built using the LVLH components of the velocities relative
to the atmosphere of both spacecraft, and the atmospheric density model.

To build the library, first, we introduce

T
L 1 .
Viel,i = Rpp.(2) Viel,i = |Vrelix  Vrel,iy Vrel,iz] > [ &S {C’t}, (15)

as the components of the relative velocity expressed in LVLH. We define the following term that depends on the mean
motion 7 of the target as

S(r) £ sin(nr), C(t) £ cos(nt). (16)
We build the library for the chaser as

<I)C(Z‘) = [Vrel,cm Vrel,cxsa Vrel,cha Vrel,cy>» Vrel,cy57 Vrel,cyca

a7
Vrel,cz» Vrel,cst Vrel,czC] € Rlx9,
and similarly, the library for the target as
(OF (t) = [Vrel,tx’ Vrel,tha Vrel,txc’ Vrel,ty» Vrel,tySs Vrel,tyc’ (18)
Vrel,tz» vrel,tzS, Vrel,tz C] € R1x9.
We then add the scalar factors, including the ballistic coefficients and squared velocities into the library
Ko(1)==Beviy ..  Ki(t)=+Bivy,. (19)
and by stacking all the library of functions of the chaser and target, we obtain
T(x,%,1) = [Ke (1) Dc (1) K (1) Dy (1)] € RIS, (20)

The regressor Y (X, X, ) € R¥*>* can be built using the Kronecker product



Y(x,%,1) =T(x,%,1) ® I, 1)

and the differential drag can be expressed using this newly defined term as

Aal =Y(x,%,1) 0 + € = (T(x,%,1) ® 3) 0 +€, (22)
where € € R3 represents an approximation error whose norm can be upper bounded by a constant, and € R3*. Finally,
we substitute the (T4) and 1)) into the CW dynamics (2) to obtain the equation that is used in the subsequent control
design section as

X=Cx+Gx+u+Y(x,X,1)0 +e€. (23)

In this form, all the uncertainty is captured into the unknown coefficient vector 8. Although this differential drag model
could be represented in a more compact form using additional knowledge about the system, as done in our previous work
[L6], here we allow the model to calibrate a significantly larger set of coefficients to test the online sparse identification
approach we propose.

I1I1. Control Design

A. Control objective
We introduce x,4(#) as the desired relative trajectory and define the position and velocity tracking errors as
e2x—xy, e xX—x%y, (24)

and introduce the auxiliary state error

r2é+ae, (25)

where a € R¥3 is a symmetric positive definite control gain. The control objective is to design an adaptive controller
that ensures convergence of the error states and identification of a sparse vector of coefficients #(z). The control
objective can then be set to

llell = 0. [[rll =0, (26)

and

651l — 0 Q27)

where és eR? =0, - és, and 0 € R is a vector containing the g € Z-( most relevant coefficients in 6.

B. Control Development

Let us propose a two-stage approach as follows: A “warm-up" stage where the controller is focused on ensuring
stability of the tracking errors e and r, bounded estimates 6, and determining which are the most relevant coefficients
0s; and an “identification" stage where the controller aims to ensure convergence of e, r and és.

This two-stage approach is inspired by the SINDy assumption that any dynamical system can be approximated by
small number of active terms from a large library of functions. This assumption can be summarized in our context as
follows:

Assumption 1: The dynamics in (23] can be represented using a subset of active nonlinear functions as

X=Cx+Gx+u+Ys(x,X,1) 0 + €, (28)

where Y (X,X,t) € R3*4 is a reduced regressor containing only the columns associated to the most relevant functions,
and €; € R3 is the new approximation error whose norm can be upper bounded by a constant.



During the warm-up stage, no information about the most relevant functions is available. Therefore, the adaptive
controller must be designed using the full dynamics in 23)). Differentiating the equation (23) and plugging in the
equation of motion (23], we obtain

F=é+aé=%X—-Xs+aé (29)
=Cx+Gx+u+Y(xX,X,1)0+€—%X4+ae. (30)

Let us propose the following control law

u=-Cx-Gx-aé—K,r—koe+%g - Y(x,%1)0, (31

where K, € R¥3 is a symmetric positive definite control gain, k. € R.q is a scalar control gain, and 8 € R is an
estimate of 6. Plugging the proposed control law into the (30) to obtain the closed-loop error dynamics as

F=-K,r—kee+Y(X,X1)0+e€, (32)
To address the uncertainties in differential drag, let us propose the following gradient-based adaptation law

A

0 = proj {y (V2 (8)]”" Y(x)Tr} . 33)

where y € R, is a positive adaptation gain, proj{-} denotes a smooth projection algorithm such as the one in [34] that

keeps the estimates within known user-defined bounds, and Vzw (é) € R3*54 s the Hessian of the convex function

W (é) € R, defined as

54
w(0) =) B +o2 5<<1, (34)
i=1

whose motivation will be explained in the next section.
During the identification stage, we assume that the most relevant coefficients can be determined, enabling the
representation of the open-loop error system as
F=Cx+Gx+u+Ys(X,X,1) 05 + €] —Xg +aé. (35)

The control law can then be modified as

u=-Cx-Gx-aée—K, r—koe+xy— Ys(x,%,1) 0, (36)

resulting in the closed-loop error dynamics

F=-K, r—kee+Y (X%, 1) 0 +e€, (37)
and let us propose a CL-based adaptation law as

N,

6, = proj {y (V20 @] Yo ri+y [V @9)] ™ Ker Y YT (& - Gt = G~y - YO)} (38)
i=1

©

where Ny € Z.( denotes a finite number of samples and (-); denotes the i’" sample of (). This adaptation law

“collects" input-output data through the summation to help identify, provided a Finite Excitation (FE) condition is
satisfied, the real values of the coefficients in 6.



IV. Stability Analysis

A. Warm-up stage

To facilitate the subsequent stability analysis let 5 € RS = [eT, rT]T be an augmented error state vector,
x = min {Ain {ke@}, Amin {Kr} = (1/2)}, Apmin{-} denote the minimum eigenvalue of {-}, ¢ = (1/2)&, ||€|| < €,
and Ky, Ky, Bw € R-g be known constants that bound the subsequent Lyapunov function V : R — R_ as

kwlnll?> <V < &ollnll* + Bu. (39)

where f,, can be used due to the projection algorithm in the adaptation law, Eq. (33).

. . . . . . . . . A-l
Assumption2: There exists a finite warm-up time ¢, € R.( after which the time-varying adaptation gain [sz//((‘))]
has adjusted its diagonal entries so that the g largest are associated to the g most relevant parameters.

Theorem 1. Given the spacecraft relative dynamics in Eq. (2)), the control and adaptation laws in Eqs. 31) and (33),
respectively, yield a globally ultimately bounded result for the error states in 1 such that

Il < ”—W||n(to)||exp(—4<r—zo>)+ I (40)
\]K_w 2%, Vkw ™ \okw

while the estimation error @ remains bounded. Moreover, under Assumption 2, the q most relevant s can be determined
A -1
from [VZ(//(O)] after t = t,,.

Proof. Consider the following Lyapunov candidate function

k 1 1 A
V= EeeTe + ErTr+ ;d'J/ (0 || 0) . 41

Here, we introduced the Bregman divergence term d; (6 [16) € R, a non-Euclidean “distance" measure defined as

dy (0 I é) =¢//(0)—¢/(é) - (a—a‘)Tw/ (é), 42)

where ¢ (9) is an arbitrary strongly convex function, in this case defined as in Eq. (34). This divergence is guaranteed

to be non-negative for strongly convex functions, making it suitable for use in the Lyapunov function, Eq. {#I).
It can be shown via Hadamard’s Lemma that the time derivative of the Bregman divergence can be expressed in

terms of the Hessian of (é), ie., V2y (), as [29]

d

—dy (0 I é) - "2y (9) 4, 43)

where 6 = 6 — @. The Hessian V2 (@) for our convex function is

5 A 52 52
Ve (0) = diag | — St ) 44
v (0) g (2 +62) (63, +62)32 (44)
The diagonal structure of [Vzw(é)] “acts as a varying adaptation gain that “freezes adaptation" for a small 6;
parameter in 6 (i.e., small rate of change for small, near-zero entries) and allows stronger adaptation for larger and
more relevant parameters, thereby promoting sparsity. This property can be exploited to determine the most relevant
functions during adaptation, i.e., those associated to the largest g gains in [Vzlp(é)] ~!after an user-defined warm-up
time f = ft,,, as described in Assumption 2.
Taking the time derivative of Eq. (1)), plugging in Eq. (32), and using the definition in Eq. (23] yields

A

. _ | .
V=keel (r—ae)+r" (K, r—kee+Y(x.%1) 0 +€) — —§ V2y (0) 0, (45)
y



and further substituting the adaptation law in Eq. (33) yields

V=—keelae—r"K,r+r'e. (46)
Applying Cauchy-Schwarz and Young’s inequalities such that 77 e < % l|7]|? + ¢, the above expression can be rewritten as
V< —xlnl?+e. (47)
Using the bounds in Eq. (39) yields
Vs—_iV+(&+c), (48)
K Ky

and by Comparison lemma we obtain

V< (Vi) - B - C“—W)exp (—_i(t—to>)+/?w+cﬂ, (49)
X Kw X

using the bounds of V again on both sides yields the expression in Eq. @0). This results in the error states, i.e., |||

converging exponentially up to an ultimate bound of size \/Bw [Kw + \/ckw /XK.

B. Identification Stage
To facilitate the subsequent stability analysis let «, ¥, 8 € R~ be known constants that bound the subsequent
Lyapunov function Vj : R4 — R, as
&llnl* < Vi < &llnll* + B, (50)
where 3 can be used due to the projection algorithm in the adaptation law, Eq. (38).

Assumption 3: There exists some finite time 7 € R > f,, such that the following FE condition is satisfied

N
Amin {ZYYTY;,}ZE, Vi>T (51)

i=1

where 1 € R, is some user-defined constant.
Consider also the alternative bounds for the Lyapunov function

Llzl? < Vi < izl (52)

~1T . A o L .
where z = [eT, rT, Bs] , and the fact that estimates 6, remain in a compact set, enforced by the projection algorithm,

was used to bound dy with quadratic expressions of ||67SH
The two standard theorems for CL-based adaptive controllers are subsequently presented, Theorem 2 covers the
period t,, <t < T (i.e., before the FE condition is satisfied), and Theorem 3 presents the stability result for ¢ > T

Theorem 2. Given the spacecraft relative dynamics in Eq. (2), the control and adaptation laws in Eqs. (36) and (38),
respectively, yield a globally ultimately bounded result for the error states in n such that

Il < \an(tw)nexp ) qﬁn/iﬁ, Vi, <1<T (53)
K K K XK

while the estimation error @5 remains bounded.



Proof. Consider the modified Candidate Lyapunov function that accounts only for the most relevant subset of 8, namely
6, which contains the g most relevant functions from the library
k 1 1 o
Vi = Eeere + ErTr + ;dlp (0s || 05) . (54)
Taking the time derivative, plugging in the closed loop error system in Eq. (37), using the definition in Eq. (23), and
substituting the control law in Eq. yields

. ~ 1. A A
Vi =kee” (r—ae) +r7 (—K, 1 — ko e+ Y (x,%,1) s + €,) — —8. V2 (8,)8;. (55)
Y
Consider the non-implementable form of the adaptation law in Eq. (38)
; 1 1 &
85 = proj {y [V (8] Yoo ri+y [V2u(0)] ™ Kew )Y (Y8, + el,.)} : (56)
i=1
Substituting Eq. (56) into the Lyapunov derivative yields
T & T &
Vi =—keelae—r"K,r+r’e; -0 Kcr Z YgYsﬁs - 67S Z YsiTeli. 67
i=1 i=1

Before t = T, the matrix Zf\i‘] st Y, is at least positive semi-definite. Therefore, the corresponding term can be upper

bounded by zero during this period. The term 5{ le.v:"l Y;, T €1, can be upper bounded as

Ny

~T T

as Z YS,‘ eli
i=1

where the facts that @ remains bounded due to the projection algorithm, the orbital quantities in Y . are physically
limited, as well as ||€|| < € with € € R.¢, were used.
The Lyapunov function derivative can then be upper bounded as follows

<& (58)

Vi < —xlipll* +c1, (59)

where ¢| = & + 3 €.
From this point on, the procedure to find the upper bound of ||| is identical as the one presented for Theorem 1,
but using the Lyapunov function bounds from Eq. (50), obtaining the result in (53).
]

Theorem 3. Given the spacecraft relative dynamics in Eq. (2), the control and adaptation laws in Eqs. (36) and (38),
respectively, yield a globally ultimately bounded result for the error states in n and estimation error 6 such that

llz]| < \/gﬂz(T)Hexp (—%(t - T)) + )C(ITZ Vi>T (60)

Proof. Let us start from Eq. (57). Now, after the FE condition in Assumption 3 (i.e., Eq. (51)) is satisfied, the matrix
Z;V“l Yg Y,, is guaranteed to be positive-definite . Therefore, V; can be upper bounded as

Vi < —xillzll* +e1, (61)
where y; = min {/\/, Awmin {KCL Zf\i’l Yy, } } Using the bounds of V; in Eq. yields
Vi< -Xvise, (62)
4
and by Comparison lemma we get
vV < (v1 (T) - ﬁ) exp (—)Q(r - T)) ity (63)
X1 4 X1



and further using the bounds in Eq. (52) yields the result in Eq. (60).

V. Simulation

To validate the proposed controller, we conducted a numerical simulation of the relative orbit motion of the
chaser-target spacecraft in low Earth orbit (LEO). The true translational dynamics of both spacecraft are propagated in
the Earth—Centered Inertial (ECI) frame using nonlinear two—body gravity that includes the effect of atmospheric drag.
The simulation is executed for 350 target orbits, equivalent to approximately 548 hours (=~ 22.8 days). This simulation
duration is chosen to provide sufficient time for the controller to learn/estimate the dynamics of the differential drag.

The initial orbit of the target spacecraft is a near-circular orbit, for which the orbital elements were chosen to match
the International Space Station (ISS) orbit with an altitude of approximately 470 km. The orbit elements of the target
are listed in Table[I] The chaser is initialized in a closeby orbit by randomly applying a small offset to the target’s
semi-major axis, eccentricity, inclination, and true anomaly, while keeping the same values of RAAN and argument
of perigee. Specifically, the variation of the chaser position are set to a. = a; + [0, 10] [km], e, = e, + [0,2 x 107%],
ve = v; £0.04 [deg], respectively, and i, =i, — 0.01 [deg].

Table 1 Initial conditions for the target spacecraft.

a; [km] e i; [deg] € [deg] w; [deg] v, [deg]
6.845%x 100 5.0x10™* 51.64  229.18  286.07 0

Table [2| lists the parameters used to compute the true drag acceleration. In the simulations, the two spacecraft
have identical mass, but their drag coefficients are slightly different. The cross-sectional areas of both spacecraft
are set to vary in time to emulate tumbling and/or attitude maneuvers. The atmospheric density is simulated using
the Harris—Priester model[[12]]. As a result, the differential drag accelerations are time-varying and unknown to the
controller. The controller only relies on the SINDy-inspired library of functions to achieve state tracking and estimate
the differential drag.

Table 2 Spacecraft physical properties.

Parameter Target Chaser
Mass m [kg] 50 50
Average area A [m?] 2.0 2.8
Drag coefficient Cp 2.2 2.1

To rendezvous with the target, the chaser uses the control laws developed in Section [l depending on the stage. The
control gains are presented in Table[3] The adaptation law combines a Bregman-based gradient term with a concurrent
learning term. The Bregman-Concurrent Learning adaptation gains are summarized in Table[d] Initially, the CL-based
input-out pair accumulation term is disabled for a duration referred to as the warm-up period, which is set to 80 target
orbital periods (T,,p5). In all simulations, the CL term is kept fixed, i.e., no additional data accumulation through the
summation, after the FE condition threshold A is first satisfied.

Table 3 Controller gains.

Gains Value

@ 1.0x 10731
K, 1.0x 10781
ke 3.0x107°

10



Table 4 Bregman—Concurrent Learning gains.

Parameter

Value

FE threshold 2

CL gain KcL

Learning gain y

600
107
5.0%x107°

Bregman regularization § 1.0 x 107>

q

Warm-up duration

8
80 Torb

VI. Results

A. Case A: Bregman-CL with warm-up + activated coefficient selection

The rendezvous maneuvers of the chaser in the LVLH frame over 350 orbits is shown ing Fig.[2} with Fig.[2a]showing
the relative positions, Fig. 2b] plotting the relative velocities, and Fig.[2d|showing the trajectory plot. The controller
drives the chaser along a decaying spiral, and its trajectory converges smoothly toward the small neighborhood of the
origin within the first tens of hours. As seen in Fig.[2c| the control inputs remained bounded and decreased to zero.
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Fig. 2 Rendezvous maneuvers of the chaser spacecraft in LVLH frame.

The time history of the diagonal entries of [Vzw(é)] “!is shown in Fig. 3| Figure [3alshows overall trends of



Bregman’s gains, Fig[3b]provides a zoomed-in view during the first 10 orbits and its decay, and Fig[3c|shows the gains

around the end of the warm-up time ¢,,. It can be seen that during this phase, Bregman’s gains (i.e., [Vzw(é)] _1)
evolve rapidly and then decay toward a nearly constant value. At the end of the warm-up time (after 80 orbits), as
shown in Fig[3c] it is noticeable that some terms are more active than others, which is a result of the Bregman sparsity
enforcement. This illustrates how introducing the Bregman term helps automatically promote sparsity. The controller
can select the gains that are more important without any manual gain tuning, which is quite effective, particularly in
this scenario, where we have a large number of coefficients (54 in this case). Among the 54, only 8 were used and the
irrelevant gains are reset to its initial value for the rest of the simulation as seen Fig.
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Fig. 3 Behavior of Bregman’s gains.

Figure 4{shows the FE metric Ay, {Zfi s YLy, } Initially, during the warm-up stage, i, {Zf\i Yy } is disabled,
therefore, it is remains as zero. Once the warm-up time is completed (after 80 orbits), the most active coeflicients,
ranked based on the Bregman’s gains (15 % of all coefficients) are selected to form the CL term’s input-output pairs. As
seen in Fig.[d] the FE metric began to grow until it reached the threshold value, at which the CL term was enabled and
summation truncated.

The estimated values of the 54 drag-related parameters are shown in Fig.[3} with overall time history in Fig.[5a] and
a zoomed-in view around the CL activation in Fig.[5b] The coefficients begin with rapid dynamic variation in the first
ten hours and converge to nearly constant values during the warm-up phase. The zoomed-in view in Fig. [5b] shows
the exponential convergence of a small set of coefficients when the CL term is activated, as described in the stability
analysis section. As a result, despite the large number of coefficients, the controller automatically selects a few dominant
terms that represent the drag disturbance and effectively discards the less relevant terms.
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Fig. 5 Behavior of the unknown parameters ©.

Figure [6a] shows the real and reconstructed differential drag in the LVLH frame. At the beginning, there is a
significant mismatch between the real and estimated drag because the controller is still adapting, and CL is disabled.
However, the estimation gradually moves closer to the truth value as time evolves, and after the CL term is activated.
The zoomed-in view for the last 10 orbits is shown Fig.[6b] The radial component oscillates around zero, the cross-track
is zero in this case, while the along-track component has a negative bias with a similar oscillatory pattern. In particular,
the controller correctly estimates that the drag has the largest value contributed in the along-track (y-component), as
expected for the differential drag. The remaining mismatch is mainly caused by the simplified choice of the library
function and density model, and could be reduced further with additional tuning of the controller.

Based on the selected coefficient from the library I'(x, X, 7), the identified equation for the sparse representation
of differential drag Aag are given in (64)—(66). As expected from the structure of the differential drag in the LVLH
frame, the largest coefficients are in the along-track (y-component). Unknown to the controller which are the most
important terms, it is evident that the controller can correctly capture the along-track relative-velocity terms of both
chaser K. (1) ere Le and target K; (1) ere Liy’ respectively. The identified coefficient in radial (x-component) is relatively
smaller than those in the equation (63]), which is almost negligible in this scenario, and it indicates that it captures the
numerical noise.
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Fig. 6 Real vs reconstructed estimated differential drag in LVLH frame.
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B. Case B: Bregman CL without warm-up and no sparsity enforcement
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Fig. 7 Behavior of the A,,;, {ZZSI yr Ysi}
To illustrate the importance of the warm-up stage and sparsity enforcement, we ran a baseline case without having
warm-up stage and the controller was forced to use all coefficient in the library. This setup is used to show whether

the controller can still learn when the library contains a large set of coefficient. In this baseline case, the controller
still ensures relative state regulation and keeps the control input bounded with similar behavior as seen in the Fig. 2]
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therefore, the plots are omitted for brevity. However, as shown in the Fig. , the the FE metric 4,5, {ZZ‘I Ys{ Ysi}
remains at zero. This is because a large library contains many unknown coefficient and the maneuvers does not provide
sufficient independent information to separate each term. As result, many coefficient become similar to each other and
the controller cannot uniquely identify each term correctly. The baseline scenario show the importance of the warm-up
stage in helping identify the active terms in order to reduce the number of coefficients that the controller needs to learn.

Overall, simulation results confirm that the proposed Bregman-CL adaptation law is effective as it can handle a
library with large number of coefficient and automatically choose a small set of influential coefficients to recover the
differential drag while significantly reduce the effort of manual tuning or coefficient (i.e., dominant nonlinear functions)
selection.

VII. Conclusion

In this study, we addressed the problem of learning a differential drag model online while performing a rendezvous
maneuver in low Earth orbit. Building on the adaptive concurrent-learning framework of [16], we incorporated a
SINDy—inspired library and a Bregman sparsity enforcement to design an adaptive controller that simultaneously
regulates the relative motion and identifies a sparse representation of the drag disturbance. First, we proposed a
Bregman—CL adaptation law that can handle a differential drag disturbance modeled using a large library of functions.
The approach combines the warm-up phase, in which only the gradient and Bregman terms are active, with a subsequent
concurrent learning phase. Second, we introduced a Bregman-based feature selection that involves automatically
ranking the coefficients using the inverse of Hessian, which results in a small set of coefficients retained in the regressor.
Third, we demonstrated in a rendezvous scenario that the proposed controller can drive the chaser to the origin, and
reconstructed the dominant structure of the differential drag acceleration in the LVLH frame. The results show that
ML-inspired ideas such as SINDy can be embedded into adaptive control through the Bregman framework while
ensuring stability. By enabling data collection "on the fly" while maintaining stability, this approach supports the safe
development of data-driven methods in safety-critical applications, such as those in space, where large datasets are
often unavailable. Future work will extend this framework in several directions. First, we will consider expanding the
library to include more functions that can handle more complicated scenarios with higher fidelity. Second, we will
further evaluate the proposed approach to Differential Drag-based maneuvering and other aerospace control applications
to assess the generalization and robustness of the approach. Finally, we will implement the proposed Bregman—CL
controller in Software—in—the—Loop and, ultimately, on—orbit experiments to further validate its suitability for real
spacecraft guidance and control.
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